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Abstract 
The paper investigated the problem of restoring missing values in time series 
data analysis. The aim of this study was to advance the imputation of missing 
values for some autoregressive moving average models (ARMA) with general-
ized autoregressive conditioned heteroscedastic (GARCH) models. In this 
work, the novel imputation estimators for ARMA (1, 1) + GARCH (1, 1) and 
ARMA (2, 2) + GARCH (2, 2) were derived. The study utilized the method of 
optimal interpolation, whereby the innovation terms of the involved processes 
were minimized in the sense of dispersion. The study tested the consistency of 
the estimators using simulated data. A sample of a thousand (1000) observa-
tions was generated using R software following the proposed models. A hun-
dred (100) positions of missing values were created at random within the data 
generated. Besides, the study carried out a comparison between the derived es-
timators and the celebrated machine learning Artificial Neural Networks 
(ANN), K-Nearness Neighbors (KNN) and the Kalman filters techniques. The 
imputation performance was carried out using the following metrics; Mean Er-
ror (ME), Root Mean Squared Error (RMSE), Mean Absolute Error (MAE), 
Mean Percentage Error (MPE), Mean Absolute Percentage Error (MAPE). The 
study found that the derived novel imputation estimator for ARMA (2, 2) 
+GARCH (2, 2) process was superior to the imputation estimator of ARMA (1, 
1) + GARCH (1, 1) process. The derived estimators competed well compared 
to modern missing values imputation techniques. This paper gave a clear com-
parison that the ANN technique was the best followed by optimal interpolation 
technique while the Kalman technique was the last according to imputation 
performance. The study recommends that the derived estimators be utilized to 
input missing values for time series with GARCH innovations. The rational for 
this study is to contribute to the field of missing values imputation for non-
linear time series modeling. 
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1. Introduction 

A fashioned fact about time series data is the presence of missing values. In most 
cases missing values in time series arise due to many reasons that could include 
lost records, poor record keeping and recording, failure to record some data, fail-
ure of recording machines and gadgets among other reasons.  

Time series data containing missing values were formerly approached in two 
eminent ways: ignoring missing values and/or deleting missing values. As a result 
of deletion and ignoring of missing values, a great deal of vital information is left 
out. This way, an analysis and handling of such data with missing and ignored 
data could give the wrong guides during data interpretation. Missing values always 
pose serious threats to any data analysis by hampering the estimation and fore-
casting of data being modeled. 

In this endeavor, researchers have made use of substitutes to replace the missing 
values in time series using numerical values arrived from statistical methods. 
Some statistical methods are meant to replace missing values using some pre-
dicted values from the available data. The process of replacing missing values us-
ing some substitute values is called missing values imputation. Imputation of missing 
values is one of the critical steps in data cleaning processes that should not be 
avoided. Missing values imputation techniques have fair aspirations for handling 
missing values. One of the most vital aspects of missing values imputation is that 
imputation maintains accuracy and integrity of any data. Besides, imputation aids 
and supports data analysis by guaranteeing reliable data [1]. When missing values 
occur within any data, it is important to impute by estimating the missing values 
using an accurate technique.  

Missing values imputations have been developed for most time series models, 
including linear and nonlinear models. For non-linear models, imputation has been 
done for autoregressive moving average (ARMA) models with stable Gaussian er-
rors see reference [2]. Also, bilinear time series models with GARCH innovations 
have been carried out see reference [3]. However, there is little literature on im-
putation of missing values for ARMA models with GARCH innovations. This is 
the gap we wish to bridge through this study.  

In this study, we developed imputation estimators for ARMA series models when 
the innovations of the assumed model have GARCH assumptions. 
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1.1. Autoregressive Moving Average Models 

Let tX  be partly autoregressive and partly a moving average process, such that 
the process is generalized as, 

 1 1 2 2 1 1 2 2t t t p t p t t t q t qX x x xϕ ϕ ϕ ϑ ϑ ϑ− − − − − −= + + + + − − + +      (1) 

Then tX  is a linear combination of an autoregressive model of order (p) and a 
moving average model of order (q). Such process given by tX  is known as an 
autoregressive moving average (ARMA) model. The above model is always given 
as ARMA (p, q) model. The autoregressive moving average (ARMA) model is ap-
plicable to modeling the time series nature of processes. 

1.2. Generalized Autoregressive Heteroscedastic Conditioned  
(GARCH) Model 

Authors in reference [4], gave rise to the celebrated autoregressive heteroscedastic 
ARCH(q) model as a stationary process which has been well specified by tX  as, 

t t tX η=  , ( )~ 0,1t iid N  where tη  is a positive function defined by 

 2 2 2
| 1 1 1t t t q t qe eη ω α α− − −= + + +  (2) 

with 0ω > , 0jα ≥ , 1, ,j q=  .  
Where q is the order of the process. When fitting data, at times it is found better 

to relax Gaussian assumptions by the GARCH model’s innovations and suppose 
that the model’s innovations given by t  can assume heavy tailed zero mean dis-
tribution such as the generalized error distribution. This can be possible when 
handling data that does not obey normality and has heteroscedastic variances. 

The ARCH(q) model was modified by authors in reference to [5] so that it could 
contain and accommodate the conditioned variances or volatility. The above 
model was therefore renamed as Generalized autoregressive heteroscedastic con-
ditioned (GARCH) model. The GARCH (q, p) model was given as a stationary 
process tX , satisfying, t t tX η=  , ( )~ 0,1t iid N  where tη  is a positive 
function defined by 

 2 2 2 2 2
| 1 1 1 1 1t t t q t u t v t pe eη ω α α β σ β σ− − − − −= + + + + + +    (3) 

During modeling of this process, it can be assumed that either t t tX η=  , 

( )~ 0,1t iid N  or that ~
2 t v

v t
v −

  where 2v > . 

Where vt  denotes the students t distribution with v degrees of freedom. For 

vt  other distributions can be adopted. 

1.3. Autoregressive Moving Average with Generalized  
Autoregressive Conditioned (GARCH) Models 

In more general cases, generalized autoregressive conditioned (GARCH) model 
structure may be modeled by ARMA (p, q) models in various ways. One of the 
ways is that the GARCH model can be taken as the error terms of ARMA models. 
Such scenarios can be given as.  
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Let tX  be an ARMA (p, q) time series model with GARCH (u, v) innovations, 
this could be given by, 

 1 1 2 2 1 1 2 2t t t p t p t t t q t qX x x xϕ ϕ ϕ ϑ ϑ ϑ− − − − − −= + + + + − − − −        (4) 

Such that | 1t t t teη −= , where ( )~ 0,1te iid  and  
2 2 2 2 2
| 1 1 1 1 1t t t u t u t v t ve eη ω α α β σ β σ− − − − −= + + + + + +   
Besides, ( )~ 0,1te iid , can be taken to have a mean zero and unit variance and 

any distribution be it a symmetric like Normal distribution or asymmetric case 
like Gamma distribution and the Generalized Error distribution (GED). 

The objectives of this study were: 
1) To develop a novel ARMA model with GARCH innovations assumptions for 

imputing missing values. 
2) To compare the imputation efficiency of the developed imputation estima-

tors verses the modern imputation techniques. 

2. Literature Review 
2.1. Imputation of Missing Values for GARCH Models  

The GARCH modeling with the presence of missing values has lately been done 
in time series analysis. An overview of what has been done includes.  

Authors in reference [6], conducted a study on an approximation of intractable 
likelihood of GARCH (1, 1) models with missing values through sequential Monte 
Carlo (SMC) and maximum likelihood estimation of imputation estimators. The 
authors, in reference [7], carried out a study that refuted the use of Gaussian mod-
eling for a time varying mean for modeling missing values in GARCH models and 
they instead gave a novel estimation criterion based on an indirect inference to 
estimate missing values with GARCH models. Again, reference in reference [8] 
conducted a study on an estimation of missing values in GARCH models using 
quasi likelihood estimator. Authors in reference [9] proposed an algorithm for 
Log-GARCH model that treats the missing values as zero values. Their algorithm 
handled the missing values by estimating them through ARMA representation. 
Authors in reference [6] estimated missing values for GARCH model using ex-
pectation Maximization (EM) estimation. Their study never gave an empirical 
case of model predictability and accuracy. Studies authors in reference [3] con-
ducted a study on estimation and imputation of missing values for bilinear time 
series models with GARCH innovations. Their study used the optimal linear in-
terpolation technique for estimation. Besides, their study involved measurement 
of the efficiency of the derived estimates. Their estimates were better for imputing 
missing values for bilinear time series data. The authors in reference [10] did a 
presentation on a non-linear state formulation of GARCH model with missing 
values. Their study proposed that Kalman filters could handle the missing value 
problem more comfortably. Authors in reference [11] fitted a simple ARCH 
model in presence of missing data, their study utilized least squares estimation to 
tackle the missing value problems. Through Bondon’s study, there was a sug-
gestion for advancements in the imputation of missing values for time series with 
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GARCH models.  
To this end, there is no study that has been carried out on derivation and for-

mulation of imputation estimators for imputing missing values for ARMA models 
especially when the models under consideration have taken the generalized auto-
regressive conditioned heteroscedastic (GARCH) innovations using the optimal 
linear interpolation estimation.  

2.2. Optimal Linear Interpolation Technique 

The proposed technique was first presented by authors [2] for the estimation of 
missing values in ARMA with stable symmetric Gaussian error assumptions. The 
method has been utilized by authors [12] for the development of imputation esti-
mators for pure bilinear time series models. They explained how the imputation 
computation is arrived at using the following statements. 

Suppose an observation mk  is a missing value out of a set of n-possible obser-
vations generated by an ARMA (p, q) process. Let the subspace *

mQ  be the allow-
able space of a linear estimator of mk  based on observed values 1 1, , ,t t mk k k− −  
that are given by { }* : ;m p tQ Q k t n t m= ≤ ≠ . The projection of tk  on to *

mQ  de-
noted as m

m

k
SP  such that the disp { }m

m

K
m SK P−  is minimized, that is basically the 

minimum dispersion of the linear estimator. Direct computation of the projection 
of the mK  on to *

mQ  would be complicated since the subspace  
{ }1 1 2, ,P m mQ Q k k− −= 

 and *
mQ  are not independent of each other and thus we 

consider the evaluation of the projection on to two disjoint subspaces of *
mQ . To 

achieve this, we express *
mQ  as a direct sum of subspaces 1Q  and another sub-

space, say tQ  such that *
1mQ Q Q∗= ⊕ . A possible sub-space is  

{ }* ; 1t
p i iQ Q k k i m= − > + . Where t

ik  is based on the values { }1 2, ,m mk k− − 
. 

The existence of subspaces 1Q  and Q∗  are shown in the following lemma; 
Lemma 
Suppose tk  is non-determined stationary process defined on the probability 

space ( ), ,β ρΩ . Then the subspace *
mQ  is the direct sum of subspaces 1Q  and 

Q∗  as defined in the above norm. 
Proof 
Suppose *

* mK S∈  then *K  can be represented as; 

 ( )*
n t t

i i i i i iK Z a K K a K a K= + ∑ = +∑ +∑  where 1K S∈   (5) 

So clearly, the two components in the above Equation (2) are independent. The 
best linear estimators for mK  can be evaluated as a projection over the two sub-
spaces 1S  and *S  Such that the dispersion given by ( )disp

m

K
m BK P−  is mini-

mized so that; 

 * *1 *

* m m m m

m m

K K K K
m mS SS S

K P P P K P= = + = +   (6) 

When n is assumed to be finite large data, so that the coefficients { }: 1va v m≥ +  
are estimated such that the dispersion error of the estimate is minimized. This is 
achieved as follows: 

We use Equations (2) and (3) above to estimate the dispersion, such that the 
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disp { }*
m

m

K
m S

K P−  is minimized i.e.  

 * *1 *

* m m m m

m m

K K K K
m mS SS S

K P P P K P= = + = +   (7) 

But  

 ( ) ( ){ }* *1 ;dispm m

m m

nK K
v v v mv mS S

P K K K Pξ
= +

= − −∑   (8) 

Squaring both sides and taking the expectations, we obtain the dispersion error 
as; 

 ( ) ( ) ( ){ }2
*

1
ˆp ˆdis n

m m m m m v v mv mX E K K K K K Kξ
= +

= − = − − −∑  (9) 

By minimizing the dispersion with respect to the coefficients (differentiating 
with respect to vξ  and solving for vξ ), we should obtain the coefficients vξ , for 

1v m≥ + , which are used in estimating the missing values. The missing value at 
point vk  is estimated as; 

 ( )*

1

ˆ ˆˆ
n

m m v v v
v m

K k k kξ
= +

= + −∑   (10)  

3. Methodology  

The study derived some imputation estimators for some ARMA time series mod-
els that had lower orders of GARCH innovations. The study considered develop-
ing the estimators for ARMA (1, 1) + GARCH (1, 1) and ARMA (2, 2) + (2, 2) 
processes. The derived imputation estimators were used in imputation of missing 
data. The study utilized some simulated data with missing values for some impu-
tation techniques. Besides, the study intended to carry out some comparisons be-
tween the developed imputation estimators against the convectional imputation 
techniques. The imputation performance on comparison was measured for all the 
imputation techniques used in the study.  

3.1. Method of Optimal Linear Interpolation 

The suggested method for estimation of imputation estimators in this paper was 
the optimal linear interpolation. The method was used to derive optimal estima-
tors for some ARMA models with assumptions about GARCH innovations. The 
optimal estimation technique minimized the dispersion error of the ARMA model 
process. 

3.2. Data 

The study utilized the generated data from R statistical software version 4.4.2. A 
thousand (1000) samples were randomly generated for each process of ARMA (1, 
1) + GARCH (1, 1) and ARMA (2, 2) + GARCH (2, 2) for the study.  

3.3. Data Amputation and Missing Values Generation 

The missing values were created into the synthetic data generated by R software. 
The process of creating missing values in the available data is also known as data 
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amputation. Appropriate packages like forecast, gglot2, imputeTS and zoo, were 
included in the R scripts to carry out all the required amputation and imputation 
for the simulated time series data.  

3.4. Measurements of Model Performance 

In this study, imputation efficiencies of different imputation techniques were eval-
uated to check how well the models predicted the imputation estimates using the 
five different criteria. The imputation techniques included Mean Error (ME), 
Root Mean Squared Error (RMSE), Mean Absolute Error (MAE), Mean Percent-
age Error (MPE), Mean Absolute Percentage Error (MAPE). 

4. Results and Discussions 
4.1. Derivation of Imputation Estimators with GARCH Innovations 
4.1.1. An ARMA (1, 1) with Model with GARCH (1, 1) Innovations 
The stationary ARMA (1, 1) model with GARCH (1, 1) Innovations is given by,  

1 1 1 1t t t tx xϕ θ ε ε− −= + +  where t t tε η δ= , such that  

 ( )~ 0,1t iid tδ  (11) 

 and 2 2 2
| 1 1 1 1 1t t t teη ω α β σΨ − − −ϒ = = + +    

Theorem 1 
The optimal imputation interpolation estimator for ARMA (1, 1) process with 

GARCH (1, 1) innovations is given by, 

 
( ) ( ) ( )1 1

1 1 1 1 2
1 1 1 1

ˆ
n

t t t v vv m
v m

x x e k kθ ϕ
ϕ θ

θ ϕ
− − −

= +

+
= + + −

+ +
∑   

Proof 
The stationery ARMA (1, 1) model is given by, 1 1 1 1t t t tx xϕ θ ε ε− −= + +  where 

t t tε η δ= , such that ( )~ 0,1t iidδ  and 

 2 2 2
| 1 1 1 1t t teη ω α β σΨ − −ϒ = = + +   (12) 

The recursive form of the process in the Equation (12) is given by,  

 ( )1 1 1
1 1

j

t t t
j i

x θ ϕ ε ε
∞

−
= =

 
= + + 

 
∑ ∏   (13) 

The thr -step future ahead predictor for Equation (13) is given as 

 ( )1 1 1
1 1

j

t r t r t r
j i

x θ ϕ ε ε
∞

+ + − +
= =

 
= + + 

 
∑ ∏  (14) 

The error of the predictor form of Equation (14) can be given as  

 ( )
1

1 1 1
1 1

ˆ
jr

t r t r t r t r
j i

x x θ ϕ ε ε
−

+ + + − +
= =

 
− = + + 

 
∑ ∏  (15) 

Or if we set v t r= +  we can have the predictor as 

 ( )
1

1 1 1
1 1

ˆ
jr

v v v v
j i

x x θ ϕ ε ε
−

−
= =

 
− = + + 

 
∑ ∏  (16) 
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The dispersion is given by the following expression 

 
[ ] ( )( )

( )

2

1

2

1

disp 2ˆ ˆ ˆ ˆ

ˆ

n

m m m v m m v v
v m

n

v v v
v m

x E x x E x x x x

E x x

ξ

ξ

= +

= +

 = − − − − 

 + − 

∑

∑
  (17) 

Substituting the above Equation (16) into the Equation (17) then, it can be given 
that the dispersion for the above process is,  

 

[ ] ( )

( )

12
1 1 1

1 1 1

2
1

1 1 1
1 1 1

ˆ ˆdisp 2
jn r

m m m v m v v
v m j i

jn r

v v v
v m j i

x E x x E e

E

ξ θ ϕ ε ε

ξ θ ϕ ε ε

−

−
= + = =

−

−
= + = =

   
= − − + +   

    

   
+ + +   

    

∑ ∑ ∏

∑ ∑ ∏
  (18) 

The above Equation (18) can be simplified to its equivalent terms so that we can 
have, 

The first term can be evaluated to be, 

 [ ]2 2ˆˆm m mE x x ε Ψ− = = ϒ   

The second term is given as 

 ( )
1

1 1 1
1 1 1

2
jn r

v m v v
v m j i

E ξ ε θ ϕ ε ε
−

−
= + = =

   
− + +   

    
∑ ∑ ∏   

Which can be written as, 

 
( ) ( )

( )

22
1 1 1 1 1 2 1 1 1 2 2

3
3 1 1 2 3 3

2 m m m m m m m m m

m m m m m

E ξ θ ϕ ε ξ ε ξ θ ϕ ε ε ξ ε

ξ θ ϕ ε ε ξ ε

+ + + + + + +

+ + + +

 +− + + + +

+ + +



+ 


  

Which can be simplified to be 

 ( )1 1 12 mξ θ ϕ+ Ψ− + ϒ     

The third term can be given by  

 ( )
2

1

1 1 1
1 1 1

jn r

v v v
v m j i

E ξ θ ϕ ε ε
−

−
= + = =

   
+ + +   

    
∑ ∑ ∏   

The third term above can be evaluated and written as, 

  
( ) ( )

( )

2 42 2 2 2 2 2 2 2
1 1 1 1 1 2 1 1 1 2 2

62 2 2 2
3 1 1 2 3 3

m m m m m m m m

m m m m

E ξ θ ϕ ε ξ ε ξ θ ϕ ε ξ ε

ξ θ ϕ ε ξ ε

+ + + + + + +

+ + + +

+ + + + + +

+ +



+ + 


   

Which can be simplified to be, 

 ( ) ( )22
1 1

1
1

n
v m

v
v m

ξ θ ϕ −
Ψ

= +

 + ϒ + + ∑   

Putting together all the terms of Equation (18) so that we have the generalized 
dispersion equation given by, 
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 ( ) ( ) ( )22
1 1 1 1 1

1
dis ˆp 2 1

n
v m

m m v
v m

x hξ θ ϕ ξ θ ϕ −
Ψ + Ψ Ψ

= +

 = ϒ − + + ϒ + +    ∑  (19) 

Differentiating Equation (19) with respect to vξ  and making vξ  to be the sub-
ject of the formula, then it can be obtained that, 

 
( ) ( )

1 1
2

1 1 1
v v m

θ ϕ
ξ

θ ϕ −

+
=

+ +
  (20) 

Substituting the estimated Equation (20) into the interpolation Equation (10) 
given by the above lemma. It can be found that the imputation estimator of ARMA 
(1, 1) with GARCH (1, 1) innovations can be given by, 

 
( ) ( ) ( )1 1

1 1 1 1 2
1 1 1

ˆ
1

ˆ
n

t t t v vv m
v m

x x e k kθ ϕ
ϕ θ

θ ϕ
− − −

= +

+
= + + −

+ +
∑   

4.1.2. An ARMA (2, 2) with Model with GARCH (2, 2) Innovations 
The stationary ARMA (2, 2) model with GARCH (2, 2) Innovations is given by, 

  2 2 1 1 2 2 1 1t t t t t tx x xϕ ϕ θ ε θ ε ε− − − −= + + + +  where t t tε η δ= ,  (21) 

such that ( )~ 0,1t iid tδ  and 2 2 2 2 2
| 1 1 2 2 1 1 2 2t t t t te eη ω α α β σ β σΨ − − − −ϒ = = + + + +   

Theorem 2 
The optimal imputation interpolation estimator for ARMA (2, 2) process with 

GARCH (2, 2) innovation is given by, 

( ) ( )
( ) ( ) ( )

( )
2

2 2 1 1
2 2 1 1 2 2 1 1 2 2

1 2 2 1 1 1
ˆˆ

n

t t t t t v vv m
v m

x x x k k
ϕ θ ϕ θ

ϕ ϕ θ ε θ ε
ϕ θ ϕ θ

− − − − −
= +

+ + +
= + + + + −

+ + + +
∑ (22) 

Proof 
For the purposes of effective computation and evaluation, the ARMA (2, 2) pro-

cess is always written as, 

 ( ) ( )2 2 2 1 1 1t t t tx ϕ θ ε ϕ θ ε ε− −= + + + +   

where t t tε η δ=  so that ( )~ 0,1t iidδ  and let  

 2 2 2 2 2
| 1 1 1 2 2 1 1 2 2t t t t t th e eη ω α α β σ β σΨ − − − − −= = + + + +  (22) 

The recursive form of the above Equation (22) is given by, 

 ( ) ( )2 2 2 1 1
1 1 1 1

i k

t t j t i t
i j k i

x ϕ θ ε ϕ θ ε ε
∞ ∞

− −
= = = =

   
= + + + +   

  
∑ ∏ ∑ ∏  (24) 

The thr -step ahead predictor of Equation (24) can be given by the following ex-
pression, 

 ( ) ( )2 2 2 1 1
1 1 1 1

i k

t r t r j t r i t r
i j k i

x ϕ θ ε ϕ θ ε ε
∞ ∞

+ + − + − +
= = = =

   
= + + + +   

  
∑ ∏ ∑ ∏    (25) 

If we let v t r= + , we can re-write the above Equation (25) as, 

 ( ) ( )2 2 2 1 1
1 1 1 1

i k

v v j v i v
i j k i

x ϕ θ ε ϕ θ ε ε
∞ ∞

− −
= = = =

   
= + + + +   

  
∑ ∏ ∑ ∏   (26) 

It can be written that the predicted error for Equation (26) is given by, 
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 ( ) ( )
1 1

2 2 2 1 1
1 1 1 1

ˆ
r i r k

v v v j v i v
i j k i

x x ϕ θ ε ϕ θ ε ε
− −

− −
= = = =

   
− = + + + +   

  
∑ ∏ ∑ ∏   (27) 

From the lemma above, the dispersion error is given by, 

 
[ ] ( )( )

( )

2

1

2

1

disp 2ˆ ˆ ˆ ˆ

ˆ

n

m m m v m m v v
v m

n

v v v
v m

x E x x E x x x x

E x x

ξ

ξ

= +

= +

 = − − − − 

 + − 

∑

∑
  (28) 

Substituting Equation (27) into the dispersion Equation (28), it can be obtained 
that, 

[ ]

( ) ( )

( ) ( )

2

1 1

2 2 2 1 1
1 1 1 1 1

2
1 1

2 2 2 1 1
1 1 1 1 1

di ˆp ˆs

2

m m m

n r i r k

v m v j v i v
v m i j k i

n r i r k

v v j v i v
V m i j k i

x E x x

E

E

ξ ε ϕ θ ε ϕ θ ε ε

ξ ϕ θ ε ϕ θ ε ε

− −

− −
= + = = = =

− −

− −
= + = = = =

= −

    
− + + + +    

    

      + + + + +     
      

∑ ∑ ∏ ∑ ∏

∑ ∑ ∏ ∑ ∏

(29) 

Evaluating further the above Equation (29) under the dispersion, then it can be 
obtained that, 

The first term is [ ] ( )2 2ˆm m mE x x E hε Ψ− = =  
The second term can be evaluated to be, 

 ( ) ( )
1 1

2 2 2 1 1
1 1 1 1 1

2
n r i r k

v m v j v i v
v m i j k i

E ξ ε ϕ θ ε ϕ θ ε ε
− −

− −
= + = = = =

    
− + + + +    

    
∑ ∑ ∏ ∑ ∏   

Again, the second term can be simplified further to be,  

 

( ) ( ){ }
( ) ( ){ }
( ) ( ){ }

1 2 2 1 1 1 1

2 2
2 2 2 1 1 1 2

3 3
3 1 1 1 1 1 1

2 m m m m m

m m m m

m m m m

Eε ξ ϕ θ ε ϕ θ ε ε

ξ ϕ θ ε ϕ θ ε ε

ξ ϕ θ ε ϕ θ ε ε

+ − +

+ + +

+ − +

− + + + +

+ + + + +

+ + + + + +








  

Which can then be simplified further to achieve,  

 ( ){ } ( ){ }22 2
1 1 1 2 1 12 m m m mE ξ ϕ θ ε ξ ϕ θ ε+ +

 − + + +  
  

It can also be expressed as 

 ( ){ } ( ){ }2
1 1 1 2 1 12 m mh ξ ϕ θ ξ ϕ θΨ + +

 − + + +  
  

The third term can be given by,  

 ( ) ( )
2

1 1

2 2 2 1 1
1 1 1 1 1

n r i r k

v v j v i v
V m i j k i

E ξ ϕ θ ε ϕ θ ε ε
− −

− −
= + = = = =

      + + + +     
      

∑ ∑ ∏ ∑ ∏   

It can also be evaluated to be 

 
( ) ( )

( ) ( )

22
1 2 2 1 1 1 1

22 22
2 2 2 1 1 1 2

m m m m

m m m m

ξ ϕ θ ε ϕ θ ε ε

ξ ϕ θ ε ϕ θ ε ε

+ − +

+ + +

+ + + +  

 + + + + + 
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 ( ) ( )
23 32

3 1 1 1 1 1 1m m m mξ ϕ θ ε ϕ θ ε ε+ − +
 + + + + + +     

And it can be simplified to be  

 ( ) ( ) ( )22 2 2 2 2
1 2 2 2 1 1 1

1 1

n n
v m v m

m v v v v
v m v m

E ξ ϕ θ ε ϕ θ ε ξ ε− −
+ − −

= + = +

 
+ + + + 

 
∑ ∑   

Substituting the distributional assumptions into the error terms, then the above 
term can be written as, 

 ( ) ( ) ( )22 2 2
2 2 1 1

1 1

n n
v m v m

v v v
v m v m

h ξ ϕ θ ξ ϕ θ ξ− −
Ψ

= + = +

 
+ + + + 

 
∑ ∑   

Putting together all the terms of the above simplifications, the dispersion can be 
given as, 

 
( ){ } ( ){ }

( ) ( ) ( )

2
1 2 2 2 1 1

22 2 2
2 2 1 1

1 1

disp 2m m m

n n
v m v m

v v v
v m v m

x h h

h

ξ ϕ θ ξ ϕ θ

ξ ϕ θ ξ ϕ θ ξ

Ψ Ψ + +

− −
Ψ

= + = +

 = − + + +  
 

+ + + + + 
 
∑ ∑

  (30) 

Differentiating Equation (30) with respect vξ , and setting vξ  to be subject of 
the formula then it can be obtained that, 

 
( ) ( )

( ) ( ) ( )

2
2 2 1 1

2 2
2 2 1 1 1

v v m

ϕ θ ϕ θ
ξ

ϕ θ ϕ θ−

+ + +
=

+ + + +
  (31) 

Substituting the above estimated Equation (31) into the interpolation Equation 
(10) given by the above lemma. It can be obtained that the interpolation estimator 
for the ARMA (2, 2) with GARCH (2, 2) innovations can be obtained as, 

 ( ) ( )
( ) ( ) ( )

( )
2 2 1 1 2 2 1 1

2
2 2 1 1

2 2
1 2 2 1 1

ˆ

ˆ
1

t t t t t

n

v vv m
v m

x x x

k k

ϕ ϕ θ ε θ ε

ϕ θ ϕ θ

ϕ θ ϕ θ

− − − −

−
= +

= + + +

+ + +
+ −

+ + + +
∑

  

4.2. Simulation Illustrations and Results  

In this section, we underlined how simulation was carried out to achieve the re-
quired results. We wrote the R-codes using R studio (Version 4.4.2). The running 
and performance of the codes were executed through the following: forecast, 
gglot2, imputeTS and zoo packages. The R-codes performed the following: 

1) Generated some data sets of samples (1000) from ARMA processes with 
GARCH specifications. The code created the ACF, and the residual and normality 
check of the simulated data. 

2) To amputed the generated data in the above step (i) to have (100) missing 
values and visualize the missing data using plots. 

3) Each imputation technique (Linear interpolation, ANN, KNN and Kalman 
imputations) was coded and trained to predict, replace the missing values using 
the generated data samples and to visualize the imputed data for every technique. 

4) Imputation performance and efficiency was calculated for every imputation 
technique in R studio using “R-package metrics”. 
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4.2.1. Table and Figures Visualizations 
Visualization of the plots and tables of the simulated data are given in this sub 
section. The plots provided were created from the data for the two models of  
 

 
Figure 1. Plot of simulated stationary data with missing values. 

 

 
Figure 2. The residuals and the ACF plots of the simulated data for ARMA (2, 2) + GARCH (2, 2) model. 
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Figure 3. The residuals and the ACF plots of the simulated data for ARMA (1, 1) + GARCH (1, 1) model. 

 

 
Figure 4. A plot of an imputed missing data using estimated model for ARMA (1, 1) + GARCH (1, 1). 
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Figure 5. A plot of an imputed missing data using estimated model for ARMA (2, 2) + GARCH (2, 2). 

 

ARMA (1, 1) + GARCH (1, 1) and that of ARMA (2, 2) + GARCH (2, 2). We also 
had some autocorrelation functions (ACF) and the residuals for the data sets used 
in the study (See Figures 1-5). 

4.2.2. Validation of Imputation Methods 
In the above Table 1, the results were obtained from the simulated data for ARMA 
(1, 1) + GARCH (1, 1) process. The results measured the imputation performance 
of the four imputation techniques namely, Optimal linear interpolation (OLI), 
Artificial Neural Networks (ANNs), K- Nearest Neighbors (KNN), and the Kal-
man filters technique. It is evident that the KNN, ANN and Optimal linear inter-
polation techniques have desired results across the performance metrics used. The 
metrics used were Mean Error (ME), root mean squared error (RMSE), Mean ab-
solute error (MAE), Mean percentage error (MPE). Comparison made from the 
results of Table 1, is that the KNN was the best technique for imputing missing 
values, it had the lowest values of ME = −0.01, RMASE = 0.53, compared to ANN 
with ME = 0.18, RMASE = 0.52 while the Optimal linear interpolation technique 
came at the third position with ME = −0.02, RMSE = 0.51. Imputation perfor-
mance metric values of ANN and optimal linear interpolation were so close to one 
another. Kalman was the poorest in estimating missing values with this type of 
data, it had the highest values by its metrics.  

The imputation performance of Table 2 above on ARMA (2, 2) + GARCH (2, 
2) simulated data was as follows: the optimal linear interpolation was the second-
best technique after the ANN technique. This is illustrated by lower values of per-
formance techniques for optimal interpolation estimation ME = −0.0063, RMSE 
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= 0.66 and MAPE = 20.25%, while the ANN had ME = −0.05, RMSE = 0.62 and 
MAPE = 16%. The imputation performance of Optimal linear interpolation and 
ANN were very close. The Kalman filter imputation was the poorest technique for 
imputation. This was evident by higher numbers from performance metrics e.g., 
ME = −0.0009, MPE = 15.02% higher than the values of the other imputation 
techniques in the study. 

 
Table 1. Imputation performance of the techniques on ARMA (1, 1) + (1, 1) data. 

 ME RMSE MAE MPE MAPE 

OLI −0.02006 0.5160437 0.124112 8.254586 12.97376 

ANNs −0.01814 0.5043942 0.1206323 7.402212 13.85182 

KNN −0.010598 0.5271044 0.130292 10.33006 14.00209 

KALMAN 0.01711178 0.26917 0.05734335 −4.33466 22.20235 

 
Table 2. Imputation performance of the techniques on ARMA (2, 2) + (2, 2) data. 

 ME RMSE MAE MPE MAPE 

OLI −0.0063109 0.6644256 0.1685092 11.61931 20.25187 

ANN −0.004829 0.626470 0.153301 0.153301 16.0088 

KALMAN 0.000922339 0.662133 0.1612853 15.02621 15.91684 

5. Conclusion 

The study recommends that the above imputation estimators for ARMA with 
GARCH errors can be applied to real life data. More comparisons can be made 
with other imputation techniques. 
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Appendices 

R Script for Data Generation 
# load packages 
library(fGarch) 
library(forecast) 
library(ggplot2) 
# set seed for reproducibility 
set.seed(44) 
# set parameters 
n <- 1000 # number of records 
NAs <- 100 # number of missing records 
# Simulate ARMA(1,1) and ARMA(2,2) process 
arma_1_1 <- arima.sim(n = n, model = list(ar = 0.5, ma = 0.3)) 
arma_2_2 <- arima.sim(n = n, model = list(ar = c(0.5, -0.2), 
ma = c(0.3, 0.1))) 
# Fit GARCH(1,1) and GARCH(2,2) model to the ARMA residuals 
garch_model_1_1 <- garchFit(~ garch(1, 1), data = arma_1_1, trace = FALSE) 
garch_model_2_2 <- garchFit(~ garch(2, 2), data = arma_2_2, trace = FALSE) 
# Extract the conditional volatility (GARCH model's estimate of volatility) 
volatility_1_1 <- volatility(garch_model_1_1) 
volatility_2_2 <- volatility(garch_model_2_2) 
# Simulate the ARMA(1,1) + GARCH(1,1) process by adding the GARCH vola-
tility 
variable_1 <- arma_1_1 + volatility_1_1 * rt(n,15) 
variable_2 <- arma_2_2 + volatility_2_2 * rt(n,15) 
# Combine into a data frame 
simulated_data <- data.frame(index = 1:n, 
variable_1 = variable_1, 
variable_2 = variable_2) 
# introduce missing data at random (data frame), ensuring reproducibility 
set.seed(44) 
missing_indices_1 <- sample(1:n, NAs) 
simulated_data$variable_1_miss <- simulated_data$variable_1 
simulated_data$variable_1_miss[missing_indices_1] <- NA 
set.seed(44) 
missing_indices_2 <- sample(1:n, NAs) 
simulated_data$variable_2_miss <- simulated_data$variable_2simu-
lated_data$variable_2_miss[missing_indices_2] <- NA 
# for visualization purposes, transform the data to long format 
simulated_viz_data <- simulated_data |> 
dplyr::mutate(missing_values = dplyr::if_else(!is.na(variable_1_miss), "No", 
dplyr::if_else(is.na(variable_1_miss), 
"Yes", ""))) |> 
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dplyr::select(-c(variable_1_miss, variable_2_miss), 
"ARMA (1,1) + GARCH (1,1)" = variable_1, 
"ARMA (2,2) + GARCH (2,2)" = variable_2) |> 
tidyr::pivot_longer(cols = starts_with("ARMA"), 
names_to = "variable_names", 
values_to = "variable_values") 
# custom graph theme 
cust_theme <- function(){ 
theme(plot.title = element_text(face = "bold", 
hjust = 0.5, 
size = 16, 
family = "serif", 
color = "black"), 
plot.subtitle=element_text(face = 'italic', 
hjust = 0.5, 
size = 12, 
family = "serif", 
color = 'black'), 
axis.title = element_text(face = "bold", 
size = 11.5, 
family = "serif", 
color = "black"), 
axis.text = element_text(face = "plain", 
size = 10, 
family = "serif", 
color = "black"), 
strip.text.x = element_text(face = "bold", 
size = 13.5, 
family = "serif", 
color = "black"), 
axis.text.x = element_text(angle = 0, 
hjust = 1, 
vjust = 0.5), 
plot.background = element_rect(fill = "#E0DCC8", 
color = "black", 
linewidth = 1), 
panel.background = element_rect(fill = "#E0DCC8"), 
axis.line = element_line(color = "black"), 
axis.ticks = element_line(color = "black"), 
legend.position = "top", 
legend.direction = "horizontal", 
legend.background = element_rect(fill = "lightblue") 
) 
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} 
# visualize the data (both missing and non-missing values) 
(line_graph_t_series_miss <- simulated_viz_data |> 
ggplot(aes(x = index, 
y = variable_values, 
color = missing_values)) + 
geom_jitter() + 
labs(title = "Simulated Stationary Time Series Data", 
x = "Time", 
y = "Value", 
color = "Missing Data?", 
subtitle = paste0("n = ", n, 
", NAs =", NAs)) + 
facet_wrap(~variable_names, axes = "all") + 
cust_theme()) 
 
# save data into disc 
data_dir <- paste0(getwd(), "/SimulatedData") 
if(!dir.exists(data_dir)){ 
dir.create(data_dir) 
} else {print("Directory Exists!")} 
write.csv(x = simulated_data, 
file = paste0(data_dir, "/simulated_t_series_data2.csv"), 
row.names = FALSE) 
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